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Abstract. Let JV be a Hadamard manifold, and F C Is(A’) a non-elementary 
discrete subgroup of isometries of X which contains a rank one isometry. We 
relate the ergodic theory of the geodesic flow of the quotient orbifold M = X/T 
to the behavior of the Poincare series of F. Precisely, the aim of this paper is to 
extend the so-called theorem of Hopf-Tsuji-Sullivan - well-known for manifolds 
of pinched negative curvature - to the framework of rank one orbifolds. More¬ 
over, we derive some important properties for F-invariant conformal densities 
supported on the geometric limit set of F. 


1. Introduction. 

1.1. Problem, motivations and results. Let A be a complete simply con¬ 
nected Riemannian manifold of non-positive sectional curvature, P C Is (A) a non- 
elementary discrete group and M := A/P the quotient orbifold (which will be called 
non-elementary as P is). The Poincare series of P is defined by 



x,y & X, 

7Gr 

where d is the Riemannian distance on A. The number 


(5(P) := limsup4ln#{7 e P: d{x,^y) < R} 


R—)-+oo R 


is called the critical exponent of P and is independent oix,y G A. Clearly P(s; x, y) 
converges for s > (5(P) and diverges for s < (5(P). If P((5(P); x, y) diverges, the group 
P is said to be divergent, otherwise P is said to be convergent. 

Using this Poincare series, a remarkable class of measures {p,x)xcx supported 
on the geometric boundary dX of A - a so-called P-invariant conformal density 
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- has been constructed in the CAT(—1) setting (see [24] and [30] for the original 
constructions, then [33], [16], [11] for extensions, and [25] for a clear account and 
deep applications of this theory). 

If r is torsion-free, then the quotient M = X/V is a manifold, and a measure 
Top (called Patterson-Sullivan measure or in the cocompact setting Bowen-Margulis 
measure for the third reason below) on the unit tangent bundle SM can be derived 
from the conformal density mentioned above. In the rank one framework (the 
framework we are in) the Bowen-Margulis measure mp has been first introduced by 
G. Knieper in [18]. 

For several reasons, Patterson-Sullivan measure mp (or equivalently the F-in- 
variant conformal density which induces mp) is of central importance in the dyna¬ 
mical studies of the geodesic flow (gf )teR acting on SM. We only want to mention 
a few here: 

First, for a compact rank one locally symmetric manifold (which has negative 
sectional curvature) the measure mp is an alternative description of the Liouville 
measure on the unit tangent bundle. 

Second, for real hyperbolic quotients M = ]HI"/F, harmonic analysis of M is 
closely related to the study of conformal densities (see [30], [22], [26], [16]). 

Third, it turns out that for compact geometric rank one manifolds mp is the 
unique measure of maximal entropy (see [18] and references therein, as previous 
results had been obtained before Knieper’s one in negative curvature; see also [23] 
for an interesting study in the non-compact and pinched negative curvature case). 

And finally, from the local decomposition of mp and the conformality property 
of the conditionals (and its main consequence, the famous shadow lemma) solutions 
to counting problems associated with the discrete group F can be derived (see again 
[25]). 

The questions we are concerned with are of dynamical nature. Namely, we are 
interested in criteria for (complete) conservativity (i.e. absence of a wandering set 
modulo null sets - we refer to Section 6 for precise definitions of conservativity, 
dissipativity and Hopf’s decomposition theorem) or ergodicity (i.e. all invariant 
sets either have full measure or measure zero) of the geodesic flow {gY)tm acting 
on SM with respect to the invariant measure mp. Such criteria are provided in the 
CAT(—1) setting by Hopf-Tsuji-Sullivan’s dichotomy (HTS dichotomy for short), 
the story of which began maybe with Poincare’s recurrence theorem applied to 
Riemann surfaces and later in the 1930’s by E. Hopf’s seminal work (see [14] and 
[15]). Actually, it was observed a long time ago that either the geodesic flow on a 
hyperbolic Riemann surface is completely conservative and ergodic with respect to 
Liouville measure or it is completely dissipative and non-ergodic. Tsuji’s work (see 
[32]) in particular points out that conservativity is equivalent to ergodicity. 

The aim of this paper is to prove HTS dichotomy for non-elementary rank one 
manifolds M and with respect to Patterson-Sullivan measure. Here a manifold M 
is called non-elementary if F = 7ri(M) is non-elementary (see the precise definition 
at the beginning of Section 3), and rank one if there exists a closed geodesic a in 
M along which there is no perpendicular parallel Jacobi field. 

We want to mention here two important points concerning the notion of geometric 
rank one: First, in the definition of a geometric rank one manifold it is sometimes 
not required that the geodesic without perpendicular parallel Jacobi field is closed. 
However, by the rank rigidity theorem of Ballmann [3] and Burns-Spatzier [10] the 
different definitions coincide when M is of finite volume; the same is true in general 
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when M has dimension 2. But to our knowledge this coincidence is not clear in 
general and we need the periodicity assumption in our main theorem. 

Second, the weakest possible assumption when considering Hadamard manifolds 
X (and their quotients M) that are not higher rank symmetric spaces or Riemannian 
products would be to require the existence of a geodesic in X which does not bound 
a flat half plane. We will call such a geodesic weak rank one in the sequel. Again, 
from the rank rigidity result cited above (see also [9]) it follows that for Hadamard 
manifolds X admitting a quotient of finite volume the existence of such a weak rank 
one geodesic implies that X has a strong rank one geodesic, i.e. a geodesic without 
perpendicular parallel Jacobi field. By the comment below Theorem 2 in [5] the 
same is true when X is 2-dimensional. So if X admits a quotient of finite volume 
or if dim(Ar) = 2, then every non-elementary manifold M = X/T with a weak rank 
one geodesic already has a strong rank one geodesic. However, we have no idea if 
the same holds when X does not admit a finite volume quotient and dim(A') > 3. 
Roughly speaking, the main result we obtain can be stated as follows: 

Main Theorem. Let M = X/T be a non-elementary strong rank one manifold. 
Then either the group T is convergent and the geodesic flow is completely dissipa¬ 
tive and non-ergodic with respect to mr, or V is divergent and the geodesic flow is 
completely conservative and ergodic with respeet to m-p- 

It is worth noticing that given T, the question to decide whether or not the 
quotient manifold has a conservative - or ergodic - geodesic flow with respect to 
Patterson-Sullivan measure or Liouville measure is a different one. In view of HTS 
dichotomy, the work [12] in variable negative curvature, as well as [1] for the specific 
case of abelian coverings of the 3-punctured sphere should be considered (see also 
[33]). 

We further remark that the action of the geodesic flow on SM can be read off from 
the universal covering X as an action of T on the space of geodesics (defined uniquely 
up to reparametrization by a unit tangent vector). Each geodesic in X has two end 
points and the T-action on that space is actually an action on the space of end 
point pairs of geodesics (denoted d^X in what follows) on which the measure class 
(Mo ® To)\d'^x is invariant by the action of T. Nevertheless, a statement equivalent 
to the main theorem above for the latter dynamical system can be obtained here 
only for surfaces; the precise statement can be found in Theorem 8.5. 

Notice that in order to recover all our results below except for Proposition 6 and 
Proposition 8, the weaker assumption that M admits a closed weak rank one geo¬ 
desic is sufficient. In order to state some of our results under this weaker assumption 
we briefly recall that a J-dimensional P-invariant conformal density {pix)xex is a 
P-equivariant continuous map ^ of A to the cone of positive finite Borel measures 
on dX with support in the geometric limit set of T and prescribed Radon-Nikodym 
derivatives. An important subset of the geometric limit set is the radial limit set, 
which consists of asymptote classes of geodesic rays for which infinitely many orbit 
points of r are contained in a fixed tubular neighborhood; a precise definition is 
given at the beginning of Section 5. 

Our first result concerning conformal densities is Lemma 5.1: If the group T 
is convergent, then the radial limit set is a null set with respect to any measure 
Tx = m( 2^) the class of p,. Moreover, by Proposition 4 the P-action on the radial 
limit set is ergodic with respect to the measure po'- 
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Theorem 1.1. Every T-invariant Borel subset of the radial limit set is either a 
null set or has full measure with respect to fXo ■ 

Finally, according to Proposition 5 the atomic part of a ^-dimensional F-invariant 
conformal density fi stays outside the radial limit set. 

1.2. Structure of the proof of HTS dichotomy and comments. Our debt to 
Roblin’s synthesis on HTS dichotomy (see Theorem 1.7 in [25]) appears clearly along 
the lines below. However, there are specific geometric arguments due to the rank one 
hypothesis which allows for rather complicated geometric properties of M, namely 
the existence of immersed totally geodesic flat or higher rank symmetric spaces (see 
for instance [7], [10],[27],[28] and [29]). We note that the additional hypothesis that 
F is torsion free is not relevant in the following so that our results apply as well to 
orbifolds. 

For clarity, we give at this point a brief description of the structure of the proof 
and precise steps where new arguments appear to be necessary: 

1) The shadow lemma for conformal densities (see Section 4) is one key geo¬ 
metric argument throughout the proof and needs to be established here for 
generalized shadows with two parameters. 

2) It is almost tautological that conservativity of the geodesic flow with respect 
to mr is equivalent for the radial limit set of F to be of full /io-measure. 
Proposition 4 says that ^o(Tp‘^) is either zero or one, and it is an expression 
of one part of the dichotomy. Its proof relies on the above mentioned shadow 
lemma so that there is no difference in essence from Roblin’s proof. 

3) Proposition 6, which is the difficult part in the equivalence between the di¬ 
vergence of the group F and the conservativity of the geodesic flow requires 
all the rank one machinery, in particular the crucial Proposition 1. It is the 
first ingredient in the proof where the existence of a strong rank one closed 
geodesic is required. 

4) The last step is Proposition 8 which asserts that conservativity of the geodesic 
flow implies ergodicity. Here again we believe that this proposition will not 
be true if we assume only the existence of a weak rank one closed geodesic in 
M. We note that the proof is partly based on previous geometric work by G. 
Knieper ([17] and [18]). 

5) Dissipativity of (9^X,F, (/Xq ® tio)\d‘^x) when ^o(ip‘^) = 0 is obtained by a 
variation of an argument of Sullivan (see Lemma 8.2) only in dimension two. 

6) Simultaneous ergodicity of F, {po G Mo) ja^x) and of the geodesic flow is 
an evidence. 

The paper is organized as follows: In Section 2 we fix some notations and re¬ 
call basic facts about Hadamard manifolds and discrete groups of isometries which 
contain a (weak) rank one element. In Section 3 we give some important geometric 
estimates needed for our generalization of the so-called shadow lemma [20, Theorem 
3.6]. This generalization is stated and proved as Theorem 3 in Section 4; it gives 
an idea of the local behavior of conformal densities and is central in the proof of 
most of our results. In Section 5 we introduce the radial limit set of a discrete 
group of isometries and prove several measure theoretic properties of this set, in 
particular Theorem 1.1 and Proposition 5. Section 6 recalls the construction of the 
geodesic flow invariant Patterson-Sullivan measure on the unit tangent bundle of 
the quotient - whose construction appears in [16] and [18]) - and deals with ergodic 
properties of the corresponding dynamical system. The main result is Proposition 6 
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which states that for divergent groups F - under the hypothesis that X/T contains 
a closed strong rank one geodesic - the radial limit set has positive and hence full 
measure with respect to /io- 

In Section 7 we complete the proof of the main theorem; the crucial step is Propo¬ 
sition 8 which asserts that conservativity of the geodesic flow implies ergodicity. 

Finally, in Section 8 we study the action of F on the space of geodesics d^X of X 
with respect to the measure (/io <8>/io) \ d^x- Unfortunately we cannot establish com¬ 
plete dissipativity for arbitrary convergent groups; it is possible that there remains 
a conservative part of positive measure in the set of end point pairs of geodesics 
which are not rank one. However, in dimension two we can exclude this possibility 
and therefore get complete dissipativity. Summarizing all results previously ob¬ 
tained we formulate Theorem 8.5 for rank one surfaces which is the exact analogon 
of Theorem 1.7 in [25]. 

Acknowledgements: The authors would like to thank Marc Peigne for many use¬ 
ful discussions. They would also like to thank E. Gutkin for pointing out reference 
[1] and for fruitful discussions. Finally, most part of the second author’s work was 
completed when visiting ETHZ in the fall 2010. The latter is particularly greatful to 
the institution for providing hospitality and nice working conditions; special thanks 
for that reasons are adressed to Marc Burger. 

2. Preliminaries and notations. In this section we recall a few basic properties 
of Hadamard manifolds which possess a geodesic without flat half plane. Most of 
the material can be found in [2] and [4]. 

Let A be a complete simply connected Riemannian manifold of non-positive sec¬ 
tional curvature. The geometric boundary dX of X is the set of equivalence classes 
of asymptotic geodesic rays endowed with the cone topology (see e.g. Chapter II 
in [6]). This boundary is homeomorphic to the unit tangent space of an arbitrary 
point in X and X := X U dX is homeomorphic to a closed ball. Moreover, the iso¬ 
metry group Is(A) of X has a natural action by homeomorphisms on the geometric 
boundary. 

Recall that a basis for the topology on X is provided by the balls in X and the 
set of truncated cones 

:= {z e A: d{x, z) > T, Z,(z, ^ < e}, (1) 

where x G X, ^ G dX, e > 0 and T > 0 are arbitrary. 

All geodesics are assumed to have unit speed. Eor x G X, y G X \ {x} and 
^ £ dX we denote by ax,y the unique geodesic joining the point x = crx,y(0) to y, 
and by the unique geodesic emanating from x such that the ray (Ta;_j(]R-)-) is in 
the class of 

We say that two distinct points r/ G dX can be joined by a geodesic if there 
exists a geodesic a with end points u{—oo) = ^ and tT(oo) = r/, and we denote by 
9^A the set of pairs (^, y) G dX x dX such that ^ and y can be joined by a geodesic. 
Eor y) G d^X we denote by 

i^y) := {x G X: ax,r,{-oo) = ^} (2) 

the subset of A obtained by the union of all geodesics joining ^ and y. It is well- 
known (see e.g. Remark 1.II.7 in [13]) that {^y) is closed and convex and hence 
a totally geodesic submanifold of A. We will describe these sets more precisely at 
the end of this section. 
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If X is CAT(—1), then any pair of distinct boundary points (^, 77 ) belongs to 
d^X, and (^ 77 ) is the image of a geodesic which is unique up to reparametrization. 
In general, the set d^X is much smaller compared to dX x dX minus the diagonal 
due to the possible existence of flat subspaces in X. 

Let x,y € X, ^ € dX and cr a geodesic ray in the class of We put 

^d^,y) ■= lim {d{x,a{s)) - d{y,a{s))). (3) 

s—)-oo 

This number exists, is independent of the chosen ray cr, and the function 

: a:-)> M, x^Bdx,y) 

is called the Busemann function centered at ^ based at y (see also Chapter II in [6]); 
its level sets are called horospheres centered at The Busemann function satisfies 

|S{(a;,y)| < d{x,y), 

^g-d9-x,g-y) = Bdx,y) and 

Bdx,z) = Bdx,y) + Bdyx) (4) 

for all x,y,z € X, ^ S dX and g G Is(A). 

If idv) £ d^X, y € X, we define as in [8] the Gromov product of ^ and r/ with 
respect to y by 

Gryd,r]) :=^(Bdy,z) + Bdy,z)), where z G (Cg). (5) 

It follows immediately from the definition that the Gromov product is non-negative 
and independent of z G Notice that in the case of surfaces the Gromov 

product can be extended to a larger set than d'^X (see Theorem B in [21]), but for 
our purposes it will be sufficient to consider it on d^X. 

We say that a geodesic cr : K A bounds a Hat strip of width c > 0 if there 
exists a convex subset i([0, c] x R) in A isometric to [0, c] x R such that a(t) = i(0, t) 
for all t G R. A geodesic cr : R —>■ A is called weak rank one or simply rank one if 
a does not bound a flat strip of infinite width. In this case the number 

a;(cr) := sup{c > 0: ct bounds a flat strip of width c} (6) 

is called the width of a. If cr does not bound a flat strip of positive width, then we 
set w(cr) = 0. Furthermore, we will say that a geodesic cr is strong rank one if a 
does not admit a perpendicular parallel Jacobi field. 

Remark 1. It is clear that a strong rank one geodesic cannot bound a flat strip of 
positive width. However, the example of a surface with negative Gaussian curvature 
except along a simple closed geodesic where the curvature vanishes shows that a 
geodesic can be weak rank one of width zero, but still admitting a perpendicular 
parallel Jacobi field. 

The following important lemma states that even though we cannot join any two 
distinct points in the geometric boundary of A, given a rank one geodesic we can at 
least join all points in a neighborhood of its end points. More precisely, we have the 
following result which is a reformulation of Lemma III.3.1 in [4] (see also Lemma 2.1 
in [18]): 

Lemma 2.1 (Ballmann). Let cr : R —>■ A be a rank one geodesic and c > w(cr). 
Then there exist open disjoint neighborhoods U of cr(—00) and V of ct(oo) in X 
with the following properties: If G U and g G V then there exists a rank one 
geodesic joining ^ and g. For any such geodesic a' we have d(cr'(R), ct( 0)) < c and 
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uj(fj') < 2c. Furthermore, if a is strong rank one, then every geodesic joining a pair 
of points in U and V is strong rank one. 

Remark 2. It may happen that a family of geodesics of width w(ct„) \ 0 
converges to a geodesic cr of width zero which - by the last statement in Lemma 2.1 
- is not strong rank one. In particular, if cr is a weak rank one geodesic of width zero 
which is not strong rank one, then the width of every geodesic in a neighborhood 
of a may be strictly positive. 

Definition 2.2. An isometry 7 7 ^ id of Ai is called axial, if there exists a constant 
I = /(y) > 0 and a geodesic a such that j{a{t)) = a{t + l) for all t € K. We call /(y) 
the translation length of y, and cr an axis of y. The boundary point 7 “'' := cr(oo) 
(which is actually independent of the chosen axis cr) is called the attractive fixed 
point, and y“ := a(—oo) the repulsive fixed point of y. For y G Is(X) axial we 
further put Ax(y) := {x G X: d(x,^x) = /(y)}. 

We remark that Ax(y) = (y“y^) consists of the union of parallel geodesics 
translated by y, and Ax(y) n dX is exactly the set of fixed points of y. The 
following particular kind of axial isometries will play a crucial role in the sequel. 

Definition 2.3. An isometry h of AT is called weak rank one or simply rank one 
(respectively strong rank one) if h is axial and possesses a weak (respectively strong) 
rank one axis. Its width uj{h) is defined by 

uj{h) := sup{(i(x,cry ,/i+(R)): x,y G Ax{h)}. 

We remark that the set of fixed points of a rank one isometry h consists of 
precisely the two points h'^ and h~ and that every axial isometry commuting with 
h possesses the same set of invariant geodesics as h. Furthermore, if cr C Ax(h) is 
an axis of h then a;(cr) < u!(h) < 2uj(a). 

The following important lemma describes the north-south dynamics of rank one 
isometries: 

Lemma 2.4. (|4], Lemma III.3.3) Let h be a rank one isometry. Then 

(a) every point ^ G dX \ {h+} can he joined to by a geodesic, and all these 
geodesics are rank one, 

(b) given neighborhoods U of h~ and V of h'^ in X there exists N gN such that 
h-^(X \V) CU and h^(X \U) CV for all n>N. 

For X G X and r > 0 we denote Bx{r) C X the open ball of radius r centered at 
X G X. Set D := {{x,x): X G X} and consider the continuous projection 

pi : X X X \ D ^ dX, (z,x) i-G ax,z(—oo). (7) 

If B C X, y G X \ B, we further set piy(B) := {pr(y, x): x G B}. 

In the sequel it will be convenient to deal with the following sets introduced (up 
to small details) by T. Roblin ([25]): For r > 0, c > 0 and x,y G X we set 

Of^^{x, y) := G dX: 3z G Bx{r) such that cr;;_ 5 (M+) n By{c) ^ 0}, 

Of^{x,y) := G dX: Vz G B^ir) we have crz_ 5 (R+) F By{c) 7 ^ 0}, 

Cr,cix,y) := G dX x dX: 3x' G B^ir) 3y' G By{c) such that 

crx'.y'{-oo) = f, a,x'.y'{+oo) = r]}. ( 8 ) 

It is clear from the definitions that 

0~ci.x,y) C pr„,{By{c)) C 0+^{x,y). 


(9) 




GABRIELE LINK AND JEAN-CLAUDE PICAUD 


Moreover, 0~^{x,y) is non-increasing in r and non-decreasing in c while Cr,c{x,y) 
is non-decreasing in both r and c. 

The following properties are almost tautological: 

If r,r',c,c' > 0, x' € B^ir') and y' € By{c') with d{x',y') > r + r' + c + c', then 

^ ^ ^r,c+c'i^^y)^ ( 10 ) 

y) ^ ^ r+r^,c+c'(^ 1 y'), ( 11 ) 

jC-r,c{x^ y) 2 {(^, y) e d'^X: y G 0~,.{x, y), c e pTy{B^{r))}. (12) 

Let SX denote the unit tangent bundle of X and p : SX X the foot point 
projection. For B C X we define 

SB := {v G SX: pv € B} C SX, 

i.e. SB is the set of vectors in SX with foot point in B. Let (y*)tgR denote 
the geodesic flow on SX. Each v G SX determines a unique geodesic (t„ via the 
assignment 

crit) ■= Pig^v), tGM; 

its extremities v~ := cri,(—oo) and v~^ := (Ti,(— oo) are called the negative and 
positive end point of v. In particular, we can define the end point projection 

n : SX —)• d^X, V i-A 

which obviously is invariant under the geodesic flow. Moreover, for (^, rf) G d^X 
the set of preimages of 11 consists of all vectors v G SX with end points v~ = ^ and 
v'^ = y; in particular we have 

p(n”^(C,?7)) = i^y). 

It is well-known (see for instance Lemma 2.4 in [ 6 ]) that the totally geodesic sub¬ 
manifold {^y) C X is isometric to the product x R, where is a closed 
convex subset of X which we will describe more precisely in the sequel. For t G M 
and V G n“^(^,? 7 ) we denote 

H*{v) := {x G {v~v^): By+{pv,x) = By-{x,pv) = t} (13) 

the intersection of the submanifold {^y) with the horosphere centered at ^ 

(or equivalently a.t y = v~) passing through the foot point of g*v, by the cocycle 
identity for the Busemann function we have 

H\v)=H°{g\). 

Notice that if {^y) is the image of a unique geodesic up to reparametrization, then 
H*{v) consists of exactly one point, namely the foot point of g*^v. In general, 
the geodesics fT„(]R) and (Tu,(R) determined by two vectors v,w G n“^(^,? 7 ) can 
be different. However, there always exists a unique r G R such that the sets 
H'^iv) = H^{g'^v) and iL°(w) coincide. In particular, if u G n“^(,^,y) then we 
have 

i^y) = {H\v): t gR} 

and hence can be identified with the set iL°(v) (or equally well with the set 

H*{v) for some fixed t G R). 

For a point x G X and (^, y) G d'^X we further denote 

v{x;^,y) (14) 

the unique element v G SX whose foot point is the orthogonal projection of x to 
the totally geodesic submanifold {^y) and such that n(u) = (^, 17 ). 
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3. Geometric estimates. Let X be a Hadamard manifold and L C Is(X) a dis¬ 
crete group. The geometric limit set Lr of T is defined by Lp := L • a: fl dX, where 
a; G X is an arbitrary point. A discrete group T C Is(A) is said to be non-elementary 
if the cardinality of Lr is infinite. 

From here on we will require that F C Is(A) is a non-elementary discrete group 
which contains a rank one isometry h of finite width u}{h) > 0 , and we fix a point 
o G Ax(/i). As F is non-elementary, there exists one element (actually an infinite 
number) not commuting with h so that conjugation by such an element gives another 
rank one isometry of the same width whose fixed points are disjoint from those of h. 
Furthermore it is well-known (see e.g. [2, Proposition 2.8]) that the geometric limit 
set of F is minimal, i.e. Lr = F • ^ for any ^ G Lr- This implies ([20, Lemma 2.8]) 
that for any open subset O C dX with O D Lr ^ % there exists a finite set A C F 
depending on O such that 

ir C U PO. (15) 

/ 3 gA 

Roughly speaking, the following fact asserts that for suitable r and c the sets 
^r,c{o,yo) are big enough for all but a finite number of elements in F. It will be 
crucial in the proof of Proposition 6 . 

Proposition 1. Let h G T he the rank one isometry from above, tq > w(/i) and 
U,V G X the neighborhoods of h~, h~^ provided by Lemma 2.1 for ro. Then there 
exists a finite set A C F such that the following holds: 

For any c > 0 there exists \ such that z/ 7 G F satisfies d{o, 70 ) > R, then 
for some P G A we have 

Cr,cio, Pyo) n (U X R) A ([/ n dX) X 0-^{o, Pyo) for all r > rQ. 

Proof. Since V C X is an open neighborhood of there exists a truncated 
cone C := as in (1) such that C C V. Let A C F be a finite and 

symmetric set such that U/ 3 gA/ 3 C is an open neighborhood of Lr in X and set 
p := max{d(o, /3o): P G A}. We observe that for a fixed constant c' > 0 

inf{e >0: 3^ G dX 3T \ such that Bjoic) C Co_j(r)} 0 

as d{o,Go) 00 . Consequently, given c > 0 we can find i? ^ 1 depending on c and 
the truncated cone C such that for any 7 G F satisfying d{o, 70 ) > R there exists 
/? G A with Bjo{c + p) C p~^C and pr^ (i?.yo(c 3- p)) C p~^C. By construction, 

Pi'/3o(-S/37o(c -b p)) = PWo{B-^o{c + p)) FC GV, 
and moreover we have for all r > 0 

0-^{o,Pyo) G pr^{Bp^o{c)) C prp^{Bp^o{cF p)) G V. 

Consequently, if r > tq and (^,r/) G (U ndX) x 0~^(o, Pjo), then 77 G R; by choice 
of U and V the points ^ and rj can be joined by a rank one geodesic cr such that 
d{a{0),o) = (i(cr(IR),o) < r. Since o-(O) G Bo{r) and rj = a{oo) G Op^{o, Pyo), the 
ray cr(R“'') has non-trivial intersection with Bp.yo[c), hence (^, rf) G Cr^c{o, Pjo). □ 

From here on we fix a second rank one isometry 5 G F with fixed points distinct 
from those of h. We will need the following result which is a direct consequence of 
the north-south dynamics property of rank-one isometries and the key Lemma 2.1. 
It roughly states that for given r, the shadows Op^{y,o) are uniformly big with 
respect to y G A for a suitable c bigger than the width u){h) of h. It becomes 
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apparent in the proof of this statement why we need to consider shadows depending 
on two parameters. 

Proposition 2. Given r > 0 there exist an open neighborhood O C dX of h'^, 
M gN and cq > 0 such that for all y G X with d{y, o) > r + cq 

h’^O CO-^^{y,o) or h’^O <Z , o). 

Proof. Fix r > 0. For c > U!{h) and 7 G {g,h} we choose neighborhoods U{'y) 
and P( 7 ) according to Lemma 2.1; upon taking smaller neighborhoods these can 
be assumed to be pairwise disjoint and at distance at least 2r from each other. By 
Lemma 2.4 (b) there exists M G N such that for all y € X we have Bpyfr) = 
j3{By(r)) C U{h) with (3 = h~^ or ft = h~^g~^. Consequently, Lemma 2.1 
rephrases as 

OfJfy,o) 2 0 := V{h)ndX, 
and the conclusion now follows with 

Co := c + max{d(o, h~^o), d{o, h~^g~^o)} 
from the obvious relation 

( 10 ) 

/3 ^O^Jl3y,o) = O^Jy,f ^o) C □ 

4. The generalized shadow lemma for conformal densities. Given 5 > 0, a 
(5-dimensional F-invariant conformal density is a continuous map y, oi X into the 
cone of positive finite Borel measures on dX such that fio := fi{o) is supported on 
the limit set Lr, M is F-equivariant (i.e. 7 */ia; = for all 7 S F, a; S X)^ and 

^^( 7 ?) = for any x G X and y G supp(/io). (16) 

The existence of a (5-dimensional F-invariant conformal density for 5 = (5(r) goes 
back to S. J. Patterson ([24]) in the case of Fuchsian groups, and it turns out that 
his explicit construction extends verbatim to arbitrary infinite discrete isometry 
groups of Hadamard manifolds with positive critical exponent (see e.g. [17, Lemma 
2.2]). Notice that in our setting the critical exponent (5(F) is always positive since 
F contains a non-abelian free group generated by two rank one elements. 

One corner stone result concerning these densities is Sullivan’s shadow lemma, 
which gives an asymptotic estimate for the measure of projected balls prQ(i3.yo(r)) 
as d(o, 70 ) tends to infinity, and from which ergodicity properties can be derived 
- as well as solutions of counting problems (see e.g. [25]). In a previous article 
([20, Lemma 3.5]) the first author proved this lemma in the rank one setting. For 
our purposes here we will need an analogous result for the smaller and larger sets 
(!l~j,(o, 70 ) and £>+^( 0 , 70 ). One central point is the following elementary lemma 
originally due to G. Knieper ([17, Lemma 4.1], see also [20, Lemma 3.2]): 

Lemma 4.1. Let S > 0, y a 5-dimensional T-invariant conformal density, x G X 
and A C Lr a T-invariant Borel set. Then yx{A) > 0 implies yx{0 O A) > 0 for 
any open set O C dX with O D Lr 7 ^ 0- 


^Here 7 * 113 , denotes the measure defined by for any Borel set E C dX. 
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Proof. This follows again from the minimality of Lp: Let O C dX be an open set 
with O n Lr 7 ^ 0 and A C T a finite set such that (15) holds. Then 

A = AnLrCAn[j (30= [j (3{Or\ A) 

/3eA /3 gA 

by T-invariance of A, so ^,x{0 C\ A) =0 would imply 

lJ-x{A) < ^ iJ.x{l3{0 n A)) = ^ ^J. 0 -■^x{O n A) = 0, 

/3gA /3gA 

because is absolutely continuous with respect to ^ix for all (3 G A. □ 

This lemma allows us to prove the desired shadow lemma; the only difficulty 
is to bound from below the ^o-measure of the shadows Of^(o,^o). At this point, 
Proposition 2 is crucial in our more general setting, the calculus being identical to 
the original proof (see Lemma 1.3 in [25]). 

Proposition 3. Let S > 0 and /i a S-dimensional T-invariant conformal density. 
Then for any r > 0 there exists a constant cq > r with the following property: 
If c. > Co there exists a constant D = D{c) > 1 such that for all ^ G T with 
d[o, 70 ) > 2 c we have 

1 < Mo(a"c(o,7o)) < ^io{Wo{B-,o{c)) < /io(0+,(o,7o)) < 

Proof. The two inequalities in the middle are obvious from (9). We keep the nota¬ 
tion from the proofs of Proposition 1 and 2. Fix r > 0 and choose an open neighbor¬ 
hood O C dX of h~^ and cq > r, cq > uj{h) according to Proposition 2. Hence for 
all c > Co and any 7 £ P with ^( 70 , o) > r -f c there exists (3 = (3{'y) G 
such that 

(30 C C 0~^{jo,o). 

From Lemma 4.1 we know that q := min{^o(^^0), A*o(3'^^'^0)} is positive and 
depends only on O, M and the isometries h and g even if (3 depends on 7. Hence 
for all 7 £ F with d(o, 70) > 2 c 

To{0~^{jo,o)) > fJ.oi(30) >q>0 

and 

To{Ofcio,7o)) = g.o{'jOf,.{j~^o,o))=g.^-io{Ofc{l~^o,o)) 

- '° ) ^°(‘^dc(7"^o,o)) > q. 

The last inequality is straightforward: li x,y G X and g G 0((^(x, y), considering 
a ray cTz^rj from a point ^ £ Bx{c) whose intersection with By(c) is non-trivial we 
get 

By{x,y) > d{x,y) -4c, 

hence 

To{Ot,c{o,lo)) = /r.^-io(0+^(7"^o,o)) 

< esssup f%^)/ro( 0 +,(o, 7 o)) <e4"‘5e-^'^(°’T'°Vo(5X). 
oU'r~^o,o) ^ I 


□ 
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Remark 3. If d{o,'-fo) < 2c, then 0+j,(o, 70 ) = dX and we have 
/i„(0+,(o,7o)) = fioidX) < 

So in particular the upper bound in Proposition 3 holds for all 7 € P. 

5. Properties of the radial limit set. Recall that P C Is(X) is a discrete isome¬ 
try group of a Hadamard manifold X which contains two rank one isometries g and 
h with disjoint fixed point sets, and o S Ax(h) is a fixed base point. In this section 
we will study an important subset of the limit set which is defined as follows. For 
c > 0 and 1 we set 

Lt{c,R):= IJ Woi.B^o{c)). 

7er 

d{o,~io)>R 

Obviously, these sets are non-decreasing in c and non-increasing in R. Next we 
consider the decreasing limit of these sets as R tends to infinity, i.e. 

Lr(c) := f| Lr(c,i?). (17) 

R>0 

The radial limit set can now be dehned as the increasing limit of the sets Tr(c) 
as c tends to infinity, namely 

TP'^:=Uir(c). (18) 

00 

It is independent of the origin o G X and will play a central role in the sequel. 

From here on fix a (5-dimensional F-invariant conformal density for some (5 > 0. 
Notice that by definition of a conformal density we have 0 < g,o{dX) < 00 , and we 
will assume that /Tq is normalized such that g,o{dX) = 1. Concerning the /Xo-measure 
of the radial limit set, we have the following easy lemma which is straightforward 
once we have the shadow lemma for projections. Even though the proof is exactly 
the same as in the case of CAT(—l)-spaces (compare statement (a) in [25, p. 19]), 
we include it here for the convenience of the reader. The converse statement is more 
involved and is Proposition 6 below. 

Lemma 5.1. If converges, then fig= 0. 

Proof. Suppose X] 7 er Mo(Lp‘^) > 0. Then by (18) there exists 

a constant C > 0 such that for all c > C we have 

g.o{Lr{c)) > 0. 

Fix c > max{co, C}, where cq > 0 is the constant provided by the shadow lemma 
Proposition 3 (for r > 0 arbitrary). Then by (17) we have for any R> 0 

0< fio{Lric,R)) < ^ fio{vTg{B^o{c))) < D{c) ^ g-Mo. 70 )^ 

7er ■y^r 

d(o,'yo)>R d{o,yo)>R 

hence the tail of the Poincare series does not tend to zero. We conclude that 

diverges, in contradiction to the assumption. □ 

The following proposition states that P acts ergodically on the radial limit set 
with respect to the measure class defined by g,. 

Proposition 4. If A C is a T-invariant Borel subset of L™'^, then go{A) = 0 
or go{A) = go{.dX) = 1 . 
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The key step in the proof of this proposition is the following Lebesgue Besicovich’ 
type derivation lemma whose proof is very similar to the classical one in K." (see e.g. 
Chapter 11 in [31]). Here, balls are replaced by projections (called as well shadows) 
as in [30]. It is not clear in our setting whether or not projections are balls for a 
metric on dX, and this is the main reason why such a lemma is needed (compare 
[17]). Actually, the proof is the same as in the CAT(—1) setting, but depends at 
several points on the shadow lemma. We give an account of this proof, since the 
arguments will be useful later on. 

We recall the definition of the sets Ar(c) from (17). 


Lemma 5.2. Fix r > 0, let cq > 0 be the constant provided by Proposition 3 and 
let c > Cq. Then /io-a.e. ^ S Lr(c) is a density point, i.e. for any bounded Borel 
function (f> : dX —>■ K and po-a-e. f S Lr(c) we have 


lim 

ci(o,0'o)^ + oo 

Cepr^(B^o(c)) 


Mo (pro(^ 70 (c))) 


(f dpo 


m- 


Proof. We define for c > cq and 7 G T with d(o, 70 ) > c sufficiently large the mean 
value of a bounded Borel function if : dX —>• R by 


Mfiif) := 


if d/io; 


Mo (pro (i? 70 m. /pr„(B^o(c)) 
for /io-a.e. f G Lr (c) we further define the maximal function associated with if by 


V’*(C) •= lim sup M^{if). 

cZ(o,’7o)—y + 00 


Now let (f : dX R be a bounded Borel function and {(fn) a sequence of 
continuous functions whose limit /io-a.e. and in L^(/io) is (f. The triangle inequality 
implies that for all n G N and 7 G T, ^ G dX such that f G prQ(i?.^o(c)) we have 

- 0(0! <!<(>- Kno + + \^n - <(>|(e)- 

Since the lemma is obviously true for continuous functions, it only remains to prove 
the following Markov-type inequality: 

Po{{(f* >£})<—/ l</>l dMo- (19) 

e Jdx 

Its application to the bounded Borel function if := j^—then gives the conclusion 
of the lemma for any (f as above. 

In order to prove inequality (19) we note that the set 


S{if,e) := G Lr(c): if*{f) > e} 


is infinitely covered by 

[J + 1)), where T := {7 G T: d{o, 70 ) > 2c -f 1, Mf^{if) > e}. 

7er 

The idea is to construct by induction a bounded multiplicity subcovering oi S(if ,e). 
For that purpose we first denote by G := G(c) C T the set of elements 7 G F such 
that 

( 7 , 7 'GG, 7 ^ 7 ' d( 7 o, 7 'o)>l) and {if*>e}C |J pr„(H^o(c-f 1 )); 
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we set Gi := {7 G G: 2c + 1 < c?(o, 70 ) < 2c+ 2} and then define for fc > 2 
'■= Gi U ■ • • U Gk—i and 

Gfe = {7 G G: 2 c + fc < d{o, 70 ) < 2 c + fc + 1 and 

pr„(B^o(c+ 1)) npi 7 (Byo(c+ 1)) =0 V 7 ' G Gfe_i}. 

We now consider the subset F* C F defined by 

r* := U Gfe; 

k>l 

it is then a straightforward consequence of the triangle inequality that 

U pr„(B^o(c + 1)) C IJ pr,{B^o{ic + 3)). (20) 

7 gr 7er* 

By construction, if 7 , 7 ' G F* satisfy 


pi 7 (B^o( 3 c + 3)) n pi 7 (B^/o( 3 c + 3)) ^ 0, ( 21 ) 


then 7 , 7 ' belong to Gk for the same fc and d{'j'o,jo) < 12c + 13 by the triangle 
inequality. The additional condition ^( 70 , y'o) > 1 - which is necessary if we think 
of parabolic or mixed isometries in the sense of [ 6 , Definition 6.1] - implies that 
there is a finite number of 7 ' (depending on c but not on 7 and fc) such that ( 21 ) 
holds for any fixed 7 . Consequently, 


MW* > £}) < Mo(pro(^7o(3c + 3))) < D'D do{p^o{Wo{c))) 

7er* 7Gr* 

AID'D 


D'D ^ f 

< — / iv'Mmo < 


IV'Id^o, 


IdX 


where we used the shadow lemma Proposition 3, the fact that > e for 7 G F* 

and the finiteness of the subcovering. This is the desired inequality. □ 


Proof of Proposition 4- Let A be a F-invariant Borel subset of such that 
HoW) > 0. For c > Co sufficiently large the set A n Tr(c) is of positive /ig-measure, 
hence the above lemma applied to the characteristic function XA of A gives 


lim 

d(o,')'o)-J- + oo 

€epro(s^o(c)) 


PoMoWioic)) n A) 

Po{pTo{Bjo{c))) 


= 1 


(or equivalently with A'' := dX \ A 


lim 

ti(o,7o)—»- + oo 
€epro(B-yo(c)) 


Mo(pro(-B7o(c)) n A°) 
Mo(pro(B^o(c))) 


0 ) 


for / 4 o-a.e. f G ^ H Lr(c). Conformality (16) and F-equivariance of p, imply that 
for any F-invariant subset B of dX we have 

Mo (pro (- 670 ( 0 )) n B) X ^o(pr-y-io(-Bo(c)) C B), 

where the symbol x means that one quantity is bounded from above and below by 
the second one up to universal multiplicative constants. Applying this estimate to 
B = A‘^ for the numerator and to B = dX for the denominator gives 

Mo(pr 7 -io(Bo(c)) n A^) ^ ei5d(o,7o)^^(pr^(^^^(c)) p Ap _ po{pr^{B^o{c)) C A'') 

Mo(pr^-io(-Bo(c))) ^ e^<°,io)MpT:^{B^o{c))) /io (pro (- 670 ( 0 ))) 
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SO that 


lim 

d(o,')'o)-»- + oo 


Mo(pr7-io(-So(c)) n 


= 0 


for /io-a.e. ^ G A n Lr(c). If c > cq is big enough, then by Proposition 2 there 
exists an open set O C dX whose intersection with Lr is non-trivial and which is 
contained in pr^-i^(i?o(c)) for a sequence {'jj) C P such that d{o,jjo) oo. Since 
p,o{dX) = 1 and O n A“ C pr (i3o(c)) fl A“ for all j G N we obtain 

^3 


fio{0 n A^) < lim sup 

j^oo 


_ '3 _ 

Mo(PS-"o(^o(c))) 


= 0 . 


But from the P-invariance of A'^ and Lemma 4A we know that ^o(A“) > 0 would 
imply ^o (0 n A“) > 0 , so ^o(A“) = 0 . □ 


Next we state a result concerning the atomic part of a d-dimensional P-invariant 
conformal density with d > 0 which will be needed later. The proof is due to 
P. J. Nicholls ([22, Theorem 3.5.3]) in the case where X is hyperbolic n-space. 

Proposition 5. A radial limit point cannot he a point mass for p,. 

Before we give the proof, we will show the following two easy results concerning 
arbitrary point masses of a d-dimensional P-invariant conformal density with d > 0. 
For rj G dX we denote F,, := {7 G F: 777 = 77 } its stabilizer in F. 

Lemma 5.3. If p is a point mass for p, then for all x £ X and all 7 G F^ ice have 

Brj{x,px) = 0 . 

Proof. By F-equivariance and conformality (16) of p we have for all x G X and 

7 e r,, 

{x,'yx) 

h-xiri) l^xiv) 

hence d > 0 implies Brj{x,jx) = 0 . □ 


Lemma 5.4. Let p be a point mass for p, and G <ZT a system of coset represen¬ 
tatives for F /Tr). Then the sum 


E 


^SBn{o,g ^o) 


g&G 


converges. 


Proof. If g and g' are distinct elements in G, then gp ^ g'p by definition of G and 
therefore 

E To{{grii}) < h-o{dX) < 00. 
g&G 

We conclude by conformality (16) that 


E 


^SBr,{o,g ^o) 


g^G 


E 

ggG 


h-oiri) 


^ E To{{gd}) < OO. 
seG 


□ 
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Proof of Proposition 5. Let rj € be a point mass for p.. We are going to con¬ 
struct an infinite set G C F of coset representatives for F/F^ such that 

g5B^(o,g"io) 

gSG 

diverges. This gives a contradiction to Lemma 5.4 and thus proves the claim. 

Since ry € there exist c > 0 and (7^) C F such that rj S pr^{B^.o{c)) for 
all j € N. Considering a geodesic ray emanating from o which intersects B^.o{c) 
non-trivially we get 

Brj{ 0 ,Jj 0 ) > d{o,jjo) - 2c. 

Hence passing to a subsequence if necessary we may assume that Brj{o, jjo) is strictly 
increasing as j tends to infinity. We claim that G := : j G N} C F is the 

desired set. Indeed, assume that there exist two distinct elements G G 

which represent the same coset in F/F,,. Then G F,,, and by Lemma 5.3 

(with X = 7 jo) 

0 = Brti-fjO, hnJ^hjO) = Br,{jj0,jl0). 

From the cocycle identity of the Busemann function we conclude 

(4) 

= Br,{0,-ij0) + Br,{lj0,-ll0) = S^(o,7io), 

which contradicts the choice of our sequence (7^) C F. □ 

6 . Dynamical properties of the geodesic flow. In this section we keep the 
previous notation. In particular, for (^, 7 ) G d'^X we recall that rf) is the set 

of vectors v G SX with negative end point v~ = ^ and positive end point v~^ = rj. 
The set of foot points of such vectors p(n“^(^,?7)) = (^77) ~ Gy^,,) x R is a totally 
geodesic submanifold of X and hence inherits the volume element from X. We will 
denote this volume element vol(^^) or sometimes simply vol without making explicit 
reference to the submanifold {fr]). Similarly, the closed convex set G(j^) C X can be 
endowed with the volume element induced from X which we will denote by vol^^) 
or vol^. With Lebesgue measure A on K we clearly have 

vol( 5 ^) = volfj^) 0 A. 

Let p, he a (5(F)-dimensional F-invariant conformal density on dX normalized 
such that fio is a probability measure. As in Knieper’s paper [18] we define a 
measure on the unit tangent bundle SX of X in the following way: For a Borel 
subset A C S'A" we set 

m{E) := f vol( 5 ^)(p(n"y,f, 7 y) riF;)), (22) 

Jd^x 

where Gro is the Gromov product (5) with respect to o defined in Section 2. This 
measure m is obviously invariant by the geodesic flow; moreover, the conformality 
(16) and the F-equivariance of pt imply that the measure m does not depend on o 
and is F-invariant. Hence it descends to a geodesic flow invariant measure mr on 
the unit tangent bundle SM of the quotient M = X/T. In the following we denote 
(ffr)teK the geodesic flow of SX/F = SM. 

In the sequel, (H, G, v) will be one of the following four dynamical systems (with 
the measure class of v invariant by G and with a Haar measure dg on G): 

{dX,T,fio), {d'^X,r,{p,o®Po)\d‘^x), {dX xdX,r,po<S>Po) or (SM, (pf )sgr, mp)- 
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A Borel set A C is called wandering if ^QXE{goj)dg < oo for i^-a.e. oj £ E and 
recurrent otherwise. E. Hopf’s decomposition theorem (see for instance [19, p. 17]) 
asserts that the phase space decomposes (uniquely up to sets of measure zero) 
into a disjoint union of G-invariant Borel sets ilu := Ufegz!!)) and flc with 
maximal wandering, is called the dissipative part and flc the conservative part 
of fi. The dynamical system is called (completely) conservative if the dissipative 
part Hd has measure zero, and (completely) dissipative if the conservative part 
flc has measure zero. We prove that in our geometric context either complete 
conservativity or complete dissipativity occurs for the Patterson-Sullivan measure 
TOr on SM = SX/T. 

It is easy to see how the following statement can be deduced from the definition 
of the radial limit set (18): 

Lemma 6.1. For u G SX we have u'^ £ if and only if there exists a compact 
set K C SX such that J^XTK{g*u)dt = oo. Hence {SM, {g^)g^s.,'nir) is com¬ 
pletely conservative if and only if /ro(L™‘^) = 1, and completely dissipative if and 
only if = 0. 

It is one part of HTS dichotomy that E is convergent if and only if po{L^p^) = 0. 
The “only if’ part is Lemma 5.1; the “if” part is more intricate for it needs a control 
of the multiplicity of the covering of the radial limit set by the non-increasing 
family Lr{c) defined in (17). The control is given by inequalities (31) and (32) 
below. Unfortunately, due to the fact that the dimension of the submanifolds {^g) 
can vary even if ^ and g are in a small neighborhood of the repulsive respectively 
attractive fixed point of a weak rank one isometry, we need to impose the existence 
of a strong rank one isometry in T in order to get the lower bound (32). For the 
proof of Proposition 6 below - which by Lemma 6.1 implies the “’if” part - we 
follow Roblin’s exposition and therefore need to construct a compact Borel set Kr 
satisfying the inequalities (31) and (32) below. This set will then be recurrent (and 
of positive measure) if we assume P to be divergent. 

In order to construct such a set Kr, we first define for x £ X and c > 0 

K^{x,c) := {v £ SX-. d{x,pv) < c and pv £ H^{v{x-,v~ (23) 

with as defined in (13), and v{x;^,g) as in (14) is the unique element v £ SX 
whose foot point pv is the orthogonal projection of o to {^g) and such that n(u) = 
(5, g). So K^{x, c) consists of all vectors v £ SBx{c) with foot point in the isometric 
image of G(„-„+) passing through the orthogonal projection of x to {v~v^). In order 
to establish (32), we need to “thicken” these sets by the geodesic flow and consider 

K{x,c) := {g^v: v £ K'^{x,c), s £ (—c, c)} C SBx{2c). (24) 

Such a set has the important property that the orbit of an arbitrary vector v £ SX 
under the geodesic flow either does not intersect it at all or spends precisely time 
2c inside. In order to make the exposition of the proof of Proposition 6 below more 
transparent, we first state a few necessary and easy geometric estimates concerning 
the sets K{x, c). 

For c > 0 fixed we abbreviate K := K{o,c) the closure of K{o,c) in SX and 
consider intersections of the form 


K r\ g and K g *yK n g ® *(fK 
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in iSX with t, s > 0 and 7 , (/J S F. As a direct consequence of the triangle inequality 
we obtain from 

K n g~*'yK ^ 0 

the estimate 

|(i(o, 70) — t\ < 4 c. ( 25 ) 

In the same manner, if 

K n g~^-fK n g~‘‘~*ipK ^ 0 , 
then from (25) we deduce that 

0 < d(p, 70) + c?(70, ‘^6) — d{o, ipo) < 12c. ( 26 ) 

Moreover, we have the following relation between the open sets (30) and the sets 
'Cc,c(o, 70 ) introduced in ( 8 ). 

Lemma 6.2. 

n({A:(o, c) n g~^^K{o, c): t > O}) = £c,c(o, 70) 

Proof. The inclusion “C” follows from the first condition in the definition (23) 
of the sets K^{x,c): If w G K{o,c) fl g~*jK{o,c), then the geodesic satisfies 
d(o, (Tu,(s)) < c for some s G (—c, c), and d{'jo,au,{t)) < c for some t > 0. Hence 

(w“,r(;+) G £c,c(o,7o). (27) 

Conversely, if {f,,r]) G £c,c(o, 70 ), there exists a geodesic a with ct(— 00 ) = 
(t(oo) = r] which first intersects Bo{c) and then Bjo{c). Denote v G SX the unique 
vector such that pv is the orthogonal projection of o to cr, and (Jy = a. Notice 
that if a is not a strong rank one geodesic, then v is in general different from the 
orthogonal projection v{o;f^,ri) to the whole set (^ 7 ). Next let r > 0 such that 
(T„(r) = p{g'^v) is the orthogonal projection of 70 to the geodesic a. In particular, 
we have 

d(o,pv) < c and d(^o,p{g'^v)) < c. 

Moreover, since the geodesics determined by v and v{o] g) span a flat strip, and 
pv, v{o;^,g) are orthogonal projections of the same point o, we have 

B^{pv{o;f„g),pv) = Br,{pv{o-,f„g),pv) =0. 

This implies pv G H^{v{o;^,g)) and p{g'^v) G PP^{v{o;^,g)) = i 7 °(i;( 7 o; 77 )), 

hence 

V G K^{o, c) n g~'^'-fK^{o, c) C K{o, c) Cl g~'^jK{o, c) 
for the particular r > 0 from above. □ 

As a direct consequence we obtain that for all t,s > 0 and all j,(p €T 

Il{K n g-* 7 iF n g-^-^ipK) C £ 20 , 20 ( 0 , po). (28) 

Finally we remark that if (^, 77 ) G £20,20(0, po), then there exists z G {^g)nBo(2c) 
such that 

Gro{i,g) = ^{B^{o,z) + Br,io,z)), 
which immediately gives the estimate 

Gro{^,g)< 2c. (29) 

It remains to specify the constant c > 0 for which the set K := K{o,c) will 
satisfy the inequalities (31) and (32). Recall that /i G F is a rank one element of 
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r and that the base point o € Ax{h) was chosen on the axis of h. We first fix 
r = tq > ui{h) and neighborhoods U,V C X oi h~ ,h~^ provided by Lemma 2.1 for 
tq. Let A C r be the finite symmetric set provided by Proposition 1, set 

p := max{d(o, /?o): /3 € A} 

and - with the constant cg > r from the shadow lemma Proposition 3 - fix 


c> co + p. 

From here on 

K ■= K{o,c) (30) 

will be defined with this constant c. 


Proposition 6. If P contains a strong rank one isometry, then po{L™‘^) = 0 
implies that X] 7 Gr converges. 

Proof. We argue by contradiction, assuming that Po{L]?^) = 0 and that the series 
diverges. We show that for the compact set K C SX defined by 
(30) the following inequalities hold for T sufficiently large with universal constants 
C,C' > 0: 


dt 


ds m{K n g *^Kr\g * ^ipK)<c( 


7,^Gr 

pT 


„-S(r)d{o,'fo) 


£i(o,'yo)<T 


'0 


dtJ2miKr\g-*-/K)>C' 

7er 


„-S{r)d(o,'fo) 


(31) 


(32) 


7er 

d(o,7o)<T 


Once these inequalities are proved and under the assumption that the series 
^..^gP diverges, one can apply the above mentioned generalization of 

the second Borel-Cantelli lemma and the conclusion follows as in [25, p. 20]: If 
Kr C SM = SX/T denotes the projection of iF C SX to -SX/P, then 

poo 

mr ({u &SM-. XKrng^^Kr (^) = 

is strictly positive, which means that the dynamical system (SM, (pf)sGR, m-r) is not 
completely dissipative. But by Lemma 6.1 this is a contradiction to /ro(Ap‘^) = 0. 

We begin with the proof of (31) which works even if P contains only a weak rank 
one element; first we note that 

F := max(vol^-^+N(iL°(u;) HpR)) < oo. 


because pK c Bo(2c). So if 

(^, 77 ) S n(Ar n ^“*7^ bl for some s,t > 0, 

then 

f dt [ ds vol(^^) (p(n"p^, 77 ) n a: n g~*jK n g~*~^ipK)) < {2cf ■ F. 

Jo Jo 

By definition of the measure m, as a consequence of (28) and with the obvious 
relation 

^2c.2c(0, >po) CdX X ipo) 
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we therefore get for all 7 , € F 

pT pT 


[ dt f dsm{Kr\g ^^KDg ^ 

Jo Jo 


< ic^F 


' C 2 c, 2 c{o,(po) 


4c^F ■ 


' C 2 c, 2 c{o,ipo) 


d^^o{0^^J'o{v) 


<4c2F.e4^^(i’) / dfioiO [ dfioiv) 

JdX Jo+^(o,vo) 


= dc^F • Vo(0^0,20(0, H) 

< dc^F ■ e^‘'^^^^D(2c) ■ e-'5(nd(o.vo)^ 

where we used the shadow lemma Proposition 3 (together with Remark 3) in the 
last step. We conclude that 

[ dt [ ds m{K n g-*-/K n 
Jo Jo 

with the constant Ci = 4c^F • e"'’'^'^^^^Z?( 2 c) which only depends on c. 

Making use repeatedly of (25) and its consequence (26), we further get 


.T i-T 

/ dt ds ^ m{K n g~*jK n g~*~'^(pK) 
Jo Jo . 


7,</?Gr 
< 


E 


—5{T){d{o,‘^o)-\-d{')o,ifo) — 12c) 


7,(^£r 

d(o,7o)<T+4c 
d( 70 ,(po)<T + 4c 




E 


^ —( 5 (r) (d(o,7o)+d(o,Q:o)) 


7,Q!er 

d(o,7o)<T+4c 

d(o,Q;o)<T+4c 


< C 2 


E 


a-'5(r)d(o,7o) 


7er 

£i(o,7o)<T+4c 


where C 2 is again a constant depending only on c. 

Since 

g-<5(r)d(o.7o) 

T<d{o,'yo)<T +4c 

is uniformly bounded in T as a direct consequence of Corollary 3.8 in [20], we have 
established (31). 


It remains to prove inequality (32), where we will have to require that h is a 
strong rank one element in P. We recall that under this assumption (and with the 
notation introduced before (30)) every pair of points {^,g) G U x V can be joined 
by a strong rank one geodesic. 
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Using the definition of m, Lemma 6.2 and the non-negativity of the Gromov 
product, we first obtain for 7 S F with d{o,"fo) > 4c 

f dtm{Kr\g~*^K) 

Jo 

= ( dt [ d/Xo(OdAio(?7)e^'^^^^‘^’'‘’^^’’'^vol(5,,)(p(n"^(^,77) niFn5”*7iF)) 

Jo Jd^X 

dg.o{0<igo{v)(^J dtvo\^r,){p(n~^{Lv) <d K n g~*-fK))^ . 


J Cc,c{o,'io) 

Here the problem appears that we cannot in general uniformly bound from below 
the integral 

f dtvol(^^ri){p(n~^{tv) <d K n g~*jK)), 

Jo 

since the geodesics intersecting Bo{c) and Bjo{c) may belong to totally geodesic 
submanifolds (^ 77 ) ~ x K with vol^^^ (C'(j^)) arbitrarily small (compare our 

Remark 2). However, we know from Lemma 2.1 that when restricting to pairs of 
points (^, g) G U xV, then every 

w € {H”^ (^, 77) n A" n g~^"fK : t > 0} 

determines a strong rank one geodesic a-oj which spends a time 2c in pK and later 
the same time 2c in pijK). Moreover, we have {^g) = (Tu,(K) ~ M (hence in 
particular vol(j^) is Lebesgue measure A on K), so if (^, 77 ) G £c,c(o,jo) (1 (B x V) 
and T > d(o, 70 ) -I- 4c, then 

[ dt voi( 5 ^) (p(n~^ (^, 77 ) n a: n g~*-fK)) = 2 c, 

^0 

Since T acts by isometries, the same is true for 

(^,77) e£c.c(o,7o)n/3(;7xU) 
with (3 gT arbitrary. We conclude that for any /3 G A 


f dtm{Kr\g ^yAT) 
Jo 


10 

> 


/Cc,e(o.7o)n/3((7xY) 


dpoiOdpoig) dtvol( 5 ^)(p(n ^(^,77)nA:ng ‘yA^)) 


= 2 c- 


' l3{p-^Cc,c(ono)n{UxV)) 


dgo^Cj^doijl)- 


Finally, by Proposition 1 we know that for all y G F with d(o, yo) > R (with A > 4c 
sufficiently large) there exists an element /3 in the finite set A C F with the property 

£r.,c(o,/3~^7 o) f^{U xV) B{U n9A) x 

using (11), Co > r and c > cq -I- p we also have the inclusion 

£r,c(o,/3“^7 o) =/?“^C.c(/3o,7o) C I3~^Cr+pAo^lo) C l3~^CcAono)- 
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Summarizing we obtain for all 7 G F with d(o, 70 ) S (i?, T — 4c) 


f dtm{Krig ^^K)>2c- f 

Jo J B 


d/io(0dMo(?7) 


/3((C/naA)xC>7e(o,/3-^7o)) 

= 2 c • fj,o{/3U)g,oi/30~^{o, l3~^-fo)) 

> 2c- 


> 2c- min/io(/3C/) • 

— ( 7 'g-< 5 (r)(i(o. 7 o) 


with a constant C depending only on c and the fixed finite set A C F; in the last 
three inequalities we used the F-equivariance and the conformality (16) of /r, the 
shadow lemma Proposition 3 and the triangle inequality for the exponent. 

Finally, taking the sum over all elements 7 G F with c?(o, 70 ) G {R,T — 4c) we 
get 

f ^ m(iF n g-* 7 K) dt > C" ^ ^-S{r)d{ono) ^ 

do -ygr 7er 

i?<<i(o,'yo)<T —4c 

and inequality (32) follows with the same argument as above, namely that 


g-5(r)d(o,7o) ^ ^ 

7er 

d(o,'ro)<R 

is uniformly bounded in T. 


and g- 5 (r)d(o. 7 o) 

7er 

T-4c<d(o,7o)<T 


□ 


7. Ergodicity for divergent groups. In this section we again assume that F C 
Is(Al) contains a strong rank one isometry h and that the base point o G Ax(h) 
belongs to the axis of h. As in [18] we let di be the metric on the unit tangent 
bundle SX defined by 

di{u,v) := max{d{pg*u,pg*w) ■. 0 < t < 1} for it,?; G SX. 

Moreover, a vector v G SX is called recurrent, if there exist sequences ( 7 ^) C F and 
(Jn) —>■ 00 such that ^ng*'"'V converges to v in SX. 

In order to prove ergodicity of the geodesic flow on SM with respect to the 
measure mr we will use the famous Hopf argument (see [14], [15]) as in [25] and 
[18]. In our setting we need Knieper’s Proposition 4.1 which holds only under the 
stronger assumption that F contains a strong rank one element. We recall only its 
statement here: 

Proposition 7. (^[18], Proposition 4-1) Let v G SX be a recurrent vector defining 
a strong rank one geodesic in X. Then for all u G SX with u~^ = v~^ and 
By+{pv,pu) = 0 we have 

lim di{g*v, g*u) = 0 . 

t—^OC 

Proposition 8. If (SM, ( 5 p)tgR, mr) is completely conservative, that is if 
fj,o{L™‘^) = 1, then it is ergodic. 
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Proof. Applying Hopf’s generalization of the Birkhoff ergodic theorem ([14]) we 
will show that for some strictly positive function p £ L^(TOr) and every function 
/ £ L^(TOr) the limit 

lo fi9Uu))<it 
lim - 

/o P{9ri'^))dt 

exists and is constant mr-almost everywhere: 

As in [30] we first introduce a function p : SX —> K. by 
p{u) = e-4-5(r)d(p«,ro) foj. „ g sX, 

which descends to a function p on SX/T. Furthermore, since for any £ d^X 

and i? > 1 

vol({^)(p(n“^(^, 77 )) n Bo{R)) < const ■ i?'" 
with k < dim A — 1 , and p(n“^(^,r 7 )) n Bo{R) 7 ^ 0 implies Gro{£,,r]) < R, we have 

m{SBo{R)) < const • 

If Dr denotes the Dirichlet domain for F with center o, we have p{u) = 

for all u £ SDp. Setting W (i?) := {SBo{R) \ SBo{R — 1)) H SDr we therefore have 

f p{u)dm{u) < f dm{u) < const • 

Jw{R) JSB„{R) 

< const • 


hence p £ L^(mr). Moreover p is continuous since for any u,v £ SX with 
d{pu,pv) < 1 we have 


\p{u)-p{v)\ < 

< 


^-4S{r)d{pu,pv) e4(5(r)d(pii,p«) 

p{u) ■ AS{r)d{pu,pv)e'^^^^\ 


1 } 


Next let / £ Cc(-S'M) and / £ C{SX) be a lift to SX. Since {SM, (gp)tgR,mr) 
is completely conservative, Hopf’s individual ergodic theorem (see [14], p. 53) states 
that for m-almost every u G SX the limits 


f^iu) 


lim 
T —^+00 


lo f{9'^\u))dt 

Jo 


exist and are equal. 

For the remainder of the proof we follow the argument of G. Knieper in [18]: The 
Hopf argument can be applied locally and then extended by a transitivity argument. 
Let h~^, h~ denote the attractive and repulsive fixed point of the strong rank one 
isometry h £ F. By Lemma 2.1 there exist open neighborhoods U of h~ and V of 
h+ in X such that each f € U and p € V can be joined by a unique strong rank 
one geodesic (up to parametrization). We define 


n{U,V) := {wGSX-.w-e U, w+ £ V}, 


^rec(jj, g D{U, V): w is recurrent}. 


By Poincare recurrence (see e.g. [14, Satz 13.2]) ~ which holds because 
{SXI, (pf )tGRi ”^r) is conservative and because the topological space H(17, V)/T has 
a countable base - the set H’’®'’(17, V) has full measure in D{U,V) with respect to 
m. From the previous paragraph we further know that the set 
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again has full measure in il{U,V). The local product structure of m implies the 
existence of a vector w G ^'{U, V) with w~ = ^ such that 

Gj •.= {rj gV: 3u G ^'{U, V) with u~ = ^, u'^ = ry} 
has full measure in V with respect to yio- 
Lemma 7.1. /“*■ is constant m-a.e. on ^1'{U,V). 

Proof. For m-a.e. v G we have v'^ G Gj. Let u G Q.'{U,V) be such that 

u~ = f = w~ and u~^ = v~^. Notice that by definition of Q.'{U,V) the vector u is 
recurrent, defines a strong rank one geodesic and satisfies f'^{u) = f~(u). If si, 
S 2 G M are chosen such that By+{pv,pg^^u) = B^{pw,pg^'^u) = 0, then Proposition 7 
implies 

lim di{g*g'‘^u,g*v) = lim di{g~*g‘‘^u, g~*w) = 0. 

t—^oo t—^oo 

It now follows from the continuity of /, the ((y*)-invariance of and g‘^^u,w G 
n'{U,V) that 

= f~{g‘'^u) = f~iw) = Z+M- □ 

The previous lemma together with Proposition 7 implies that is constant 
m-a.e. on the set of vectors v G SX with 

G V' := {g G V: 3u G n'{U, V) with = 77 }. 

Next we consider the set 1 1 

y := (J 7 !/ . 

7er 

We have PoiY n F) = PofY), and therefore g,x(X n y) = g.x(y) for all x G X. 
Furthermore, every C, G dX possesses an open neighborhood 0(() C dX that can 
be mapped into V by an element of F. We conclude that Po(X fl 0(()) = go{0{()) 
for each ( G dX, hence go{Y) = Consequently, the set 

Z :={vG SX: v+ G Y} 

has full measure with respect to m, hence is constant m-a.e. on Z by the 
F-invariance of /^. 

We conclude that for arbitrary / G Cc{SM) the ergodic means 

/o^ fog^dt 
lo pogrdt 

converge mr-almost everywhere to a constant function as |T| 00. Since Cc{SM) 

is dense in L^(mr) this remains true for each function / G L^(mr), which proves 
that {SXI, (gp) 4 gR,mr) is ergodic. □ 

Corollary 1. If = 1, then the set of vectors in SXI defining strong rank 

one geodesics has full measure with respect to mr- 

We now sum up all the previous results in the following statement, which is the 
main theorem from the introduction: 

Theorem 7.2. Suppose F C Is{X) is a non-elementary discrete group which con¬ 
tains a strong rank one isometry. Let p be a 5 iV)-dimensional conformal density 
normalized such that po{dX) = 1, and mr the associated Patterson-Sullivan mea¬ 
sure on SM = SX/T. Then exactly one of the following two complementary cases 
holds, and the statements (i) to (iv) are equivalent in each case: 
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1. Case: 


('^) S 7 Gr® converges. 

(ii) = 0 . 

(Hi) (5'M, (gF)teR, iLir) is completely dissipative, 
(iv) {SM, (gY)t^s,,mr) is non-ergodic. 

2. Case: 


ft) S 7 gr® ' 5 (r)d(o, 7 o) diverges. 

(it) = 1 . 

(Hi) {SM, {gY)t^K,'mr) is completely conservative, 
(iv) {SM, {gY)t^K,'mr) is ergodic. 


8. The space of geodesics of X. As we mentioned in the introduction, the action 
of the geodesic flow can be interpreted as an action of F on the space d^X of end 
point pairs of geodesics. From the construction of the measure mr we immediately 
get the following 

Lemma 8.1. {SM, (5F)teRi™r) is ergodic if and only if (d^A,F, (/io (g) p,o)\d^x) 
is ergodic. 

So in particular, the dynamical system (d^A,F, (/Xq ® Ho)\d'^x) is ergodic and 
completely conservative when F is divergent. Unfortunately, in the rank one setting 
it is not clear whether in the first case of Theorem 7.2 we have complete dissipati- 
tivity of (d^A,F, (/Xq ® Ho)\d'^x)- However, if 

d\X := {((t(— oo), cr(+oo)) G d^X : cr is a (weak) rank one geodesic} 

denotes the F-invariant subset of end point pairs of geodesics without flat half plane, 
we have the following 

Lemma 8.2. If = 0 then (5^A,F, {Ho^Ho)\d^x) completely dissipative. 

Proof. The idea of proof due to Sullivan is to decompose the phase space into a 
countable disjoint union of wandering sets indexed by finite subsets Ao of the orbit 
Fo (see also the proof of (b) in [25, p. 19]): 

For each pair of points {f, rf) G 5^A with f ^ and rj ^ we define the set 

:= {7 € r: dftfo, {fr])) is minimal}, 

which is non-empty and finite by discreteness of F and the fact that the boundary 
of the closed convex set {fij) equals the set { 5 , 77 } (and hence does not contain any 
radial limit points). For every finite set A C F we denote Ea C dfX the Borel set 

EA-.= {{^,p)GdfX:T^,^=A}. 

If jEa n Ea P 0, then 7 A = A. Furthermore, since the stabilizer of A in F is 
finite, Ea is wandering (by definition). Since the union of finite subsets of F is 
countable, we obtain that the set Y := {(^, 7 ) G dfX: 7 ^ Lp'^} is contained in 

the dissipative part of i9j A. By definition of the product measure we further have 

Ho)\o^xidfX\Y) < (/io(8)/Xo)|a2x(9?A\r) =0. 

Since the conservative part of the dynamical system (9^A,F, ( 7 X 0 (g: Ho)\d1x) is in¬ 
cluded in dfX \ Y, complete dissipativity follows. □ 
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Notice that the proof above does not work in general for the dynamical system 
(52x,r,(/i„ < 8 ) /io)| 92 x): If S and ?7 ^ ^p'^, then the set (^ly) may 

accumulate on dX on other points than ^ and ry. For instance, a flat cylinder iso- 
metrically embedded in M unfolds in the universal covering X as a totally geodesic 
flat submanifold whose boundary is a circle containing two radial limit points. So 
if 7 y are two antipodal points of that circle which do not belong to the radial limit 
set, (^?y) consists of a (non-compact) bunch of parallel geodesics (actually the whole 
flat submanifold as a set) and its boundary contains two radial limit points. Hence 
there exists an infinite number of elements 7 G F such that the distance (i( 70 , (^ly)) 
is bounded. However, an equivalent phenomenon is not possible in dimension two 
as a classification of the ends of M provides a complete description of the set d^X of 
pairs of points which can be joined by a geodesic (see [13] and [21] for a description 
of the geometry of ends in the universal covering useful for our purposes). So we 
get the following 

Lemma 8.3. If dimX = 2 and = 0 then (9^X, r,(/Lto (g) Ho)\a^x) 

completely dissipative. 

Proof. Assume that (^, ry) G d^X \ dfX is a pair of end points of a geodesic which 
bounds a flat half plane in X. Since M is a non-elementary surface, ^ and ly are the 
attractive and repulsive fixed points of an axial isometry in F which corresponds 
in the quotient to an isometry which is a rotation along a geodesic ray in a flat 
cylindral end of M. So both ^ and ry belong to the radial limit set, and hence 

d'^X C dfX U (d^X n (Lp'^ X Lp'^)). 

From /io(Lp‘^) = 0 we then obtain 

{lie 0 pio)\o-x{d^X \ dfx) < {po ® Po)\a-x{d^X n (Lp^^ x Lp'i)) = 0 
and the claim follows from Lemma 8.2. □ 


In the case of surfaces we also have the following 


Lemma 8.4. If dimX = 2 and {d'^X,r,{po ^ lJ'o)\d^x) is ergodic, then the 
dynamical system {dX x dX, F, po g) po) is ergodic and completely conservative. 


Proof. If (cI^X, F, {po(^ Po)\d^x) is ergodic, then yio(Lp‘^) = 1. From Proposition 5 
we know that po has no atoms, so we get for the diagonal D := {(^, ^): ^ G dX} in 


dX X dX 


{po <8 Po){D) = 0. 

Moreover, if S Lp'^, then either f = p (i.e. ^,ry G D) or {fp) is a rank one 
geodesic (i.e. {f,,p) G dfX) or (fp) is a flat half plane. In the last case, the only 
radial limit points in the geometric boundary of (^ry) are f and ry. So we get 


LP'^ X LP'^ CDU dfX U y {^} X {ry} C D U d'^X 


and therefore 


{po ® Mo)(9X X dX) = {po ® PoWt^ X LP'I) 

< {po ® P‘o){D) + {po®Po){d^X) = [po® Po)\a-^x{d‘^X). 

□ 
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We remark that in higher dimension the existence and distribution of immersed 
flat submanifolds or higher rank symmetric spaces (of lower dimension than that 
of M) seems to be a difficult question ([7], [10], [27],[28], [29]); so we do not know 
whether Lemma 8.3 and Lemma 8.4 are true in dimension bigger than or equal to 
three. 

Together with Theorem 7.2 (from which we keep the notation), Lemma 8.1, 8.3 
and 8.4 imply 

Theorem 8.5. If M = X/T is a non-elementary rank one surface, then, with 
the above notation, the conditions (i) to (iv) are equivalent in each of the two 
complementary cases: 

1. Case: 

converges. 

(ii) Mo(iF“‘') = 0- 

(Hi) X,T,{pLo ® Ho)\d'^x) is completely dissipative and non-ergodic. 

(iv) (^M/r, (gF)ieR, RT-r) is completely dissipative and non-ergodic. 

2. Case: 

(i) diverges. 

(ii) Mo(TF'') = 1. 

(Hi) IJfiX,T, po ® Ho) is completely conservative and ergodic. 

(iv) {SXI, {gY)t^s.,mr) is completely conservative and ergodic. 
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